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Abstract- The focus of this paper is the development of asymptotically correct theories for lami
nated plates. the material properties of which vary through the thickness and for which each lamina
is orthotropic. This work is based on the variational-asymptotical method, a mathematical technique
by which the three-dimensional analysis of plate deformation can be split into two separate analyses:
a one-dimensional through-the-thickness analysis and a two-dimensional "plate" analysis. The
through-the-thickness analysis includes elastic constants for use in the plate theory and approximate
closed-form recovering relations for all three-dimensional field variables expressed in terms of plate
variables. In general, the specific type of plate theory that results from this procedure is determined
by the procedure itself. However, in this paper only "Reissner-like" plate theories are considered,
often called first-order shear deformation theories. This paper makes three main contributions: first
it is shown that construction of an asymptotically correct Reissner-like theory for laminated plates
of the type considered is not possible in general. Second, a new point of view on the variational
asymptotical method is presented. leading to an optimization procedure that permits a derived
theory to be as close to asymptotical correctness as possible. Third, numerical results from such an
optimum Reissner-like theory are presented. These results include comparisons of plate displacement
as well as of three-dimensional field variables and are the best of all extant Reissner-like theories.
Indeed. they even surpass results from theories that carry many more generalized displacement
variables. Copyright to 1996 Elsevier Science Ltd
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indices of range I. 2, 3
the indices of range I, 2
the Kronecker's b-svmbol
the contracting ope~ation ; C'/IA,# =" C: A

the derivative with respect to X,; .4., =" ? A/i'x,
underlined indices denote the operation of the symmetrization: -,{J =" ~(-'II +-11,)

the averaging operation. r :~ -d~ =" <-) - -
the plate thickness
the characteristic length of the variahies
the small parameter
the plate middle plane coordinates
the 3-D space coordinates Xi =" {x" x,}
dimensionless through-the-thickness coordinate ( =" x),h
components of 3-D displacement vector
components of plate displacement vector
rotations for the Reissner-like theory
the 3-D strains
the small parameter characterizing plate deformation; also, the set of 2-D plate strains
the 2-D measure of the in-plane plate deformation, A'/I =" v>ji

the 2-D measure of the bending plate deformation for the classical plate theory, B'/I =" - hV).,11

the 2-D measure of the bending plate deformation for the Reissner-like theory, K,~ =" hf),.~

the shear deformation for the Reissner-like theory -
the special notation: .!I" =" I and .!I" =" (
the pair of A =" A" and K =" Ah

; a (sometimes c) is a quasi-index that may have two values
e (corresponds to in-plane deformation) and h (corresponds to bending).
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I. INTRODUCTIOl\J

For engineering structures. laminated composite materials provide excellent opportunities
for structural simplicity as well as elastic couplings for potential optimization of design
criteria. Although plates made of such materials have been used for some time in a
variety of engineering applications, simple and efficient methods for analyzing plates with
anisotropy and nonhomogeneity are still needed. This is partly due to rapid changes taking
place in manufacturing technology for composite materials and partly to ever-increasing
demands for accuracy and efficiency. The balance of accuracy and simplicity inherent in
Reissner-like plate theories makes them quite desirable for engineering analysis. Therefore,
the intent of this paper is to present a means to obtain the best possible Reissner-like theory
for laminated plates.

1.1. Background
Much of what is done in engineering analysis of laminated plates is based on classical

plate theory (CPT) which, although adequate for many engineering applications, has well
known limitations due to the Kirchhoff hypothesis. Many attempts have been made to
improve classical theory by taking into account non-classical behavior such as transverse
shear deformation and transverse normal stresses. From the time laminated fiber-reinforced
composites were first introduced, numerous works have been published, the objectives of
which include the improvement of CPT for laminated plate applications. This subject is
discussed at length in review papers by Librescu and Reddy (1989); Noor and Burton
(1989).

There are two main classes of methods for improving plate theory found in the
literature: (I) Power Series Methods: expansion of the displacement field variables into
higher-order power series in the thickness coordinate; and (2) Layerwise Variables
Methods: incorporation of separate sets of displacement variables for each layer. Both of
these methods have known shortcomings. For example. no power series expansion can
possibly render accurate results for quantities which may possess discontinuities, such as
certain components of strain and stress in laminated plates. The layerwise variables methods
rely on a significant increase in the number of unknowns, a number which depends on the
number of layers in the plate.

A third method has received some attention in recent years. which involves an assumed
displacement field with discontinuities allowed in through-the-thickness derivatives (see
Murakami (1986), Sciuva (1986), Cho (1991». There is no question that this method yields
excellent results in some cases, but it lacks a systematic basis for choosing the displacement
functions, and it does not yield an asymptotically correct result in general.

Atilgan and Hodges (1992) took a different approach that neither involves power
series expansion through the plate thickness nor layerwise unknowns. Rather, the three
dimensional (3-D) energy of a laminated plate was approximated following the variational
asymptotical methodology of Berdichevsky (1979). Normally asymptotical methods are
employed for analytical developments. but here such a method was used in a sort of semi
analytical approach. Namely, the theory leads to a Reissner-like plate theory, along with a
set of elastic constants; it also provides a set of recovering relations from which approximate
3-D displacement. strain, and stress fields can be determined once the plate equations are
solved. The plate equations can be solved by any method desired, such as a 2-D finite
element method. Their analysis was restricted to laminated plates for which each lamina
exhibits monoclinic material symmetry about its middle surface. The first approximation is
asymptotically correct for this case and coincides with CPT. The second approximation is
problematic because of a certain interaction term in the strain energy. The theory is
Reissner-like when this term is simply removed but asymptotically correct only when it is
actually equal to zero. For example, when each element of the reduced stiffness matrix Q
(see Jones (1975») is constant through the thickness of the entire plate, the resulting theory
is then Reissner-like and asymptotically correct. No method was given that would make
this term vanish rigorously for the general class of plates being analyzed; it was neglected
in order to provide a Reissner-like theory. Although the resulting theory is thus not
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asymptotically correct for the class of plates under consideration, it does provide reasonably
accurate results (see Hodges et al. (1992».

A similar, but somewhat improved, approach was undertaken by Hodges et al. (1992)
and (1993), in which the estimation procedure of Atilgan and Hodges (1992) was slightly
modified to include transverse shear terms in the first approximation. Plates with cross-ply
stacking sequences under cylindrical bending were taken as example problems by Hodges
et al. (1992). In a later extension of this work (Hodges et al. (1993», plates with arbitrary
stacking sequences undergoing cylindrical bending were taken as example problems. The
material configurations of these latter plates are not as simple as those of bi-directional
plates, because of the influence of the coupling of transverse shear terms. The distributions
of 3-D displacement, strain, and stress were investigated for both cases by comparing the
corresponding 3-D exact elasticity solution (see Pagano (1969, 1970». The theory of Hodges
et al. (1992) and Hodges et al. (1993), termed the "neo-c1assical" plate theory (NCPT),
was shown to be more accurate than CPT for thick, laminated plates; also, it was shown
to yield results which are somewhat better than those of the theory of Atilgan and Hodges
(1992). Still, there were results reported for which the correlation of NCPT with the exact
solution is not good. For example, when shear coupling exists. NCPT shows significantly
better correlation with the exact solution than for the bi-directional cases. Also. it was
necessary to integrate the 3-D equilibrium equations in order to obtain accurate transverse
stresses and strains. Although it is not discussed by Hodges et al. (1992) and Hodges et al.
(1993), it is important to note that extending these approaches to higher approximations
requires interaction terms to vanish that are analogous to the one neglected by Atilgan and
Hodges (1992).

An attempt to avoid difficulties with these interaction terms was made by Lee et al.
(1993), where a refined theory based on using eigenmodes through the thickness as "new
degrees of freedom" was developed. (While it is true that a plate has an infinite number of
degrees of freedom, each normal line element has a finite number. In this sense, classical
theory has 3, while Reissner-like theories have 5. The refined theory proposed by Lee et al.
(1993) has 3 + n, where n is the number of new degrees of freedom.) A proper choice of the
modal functions for the new degrees of freedom was supposed to compensate for the lack
of asymptotical correctness, and eigenfunctions were proposed as a choice (see motivation
in Lee et al. (1993).) The theory proposed therein is asymptotically correct with respect to
each individual degree of freedom, but the order of each degree of freedom was considered
to be independent of the orders of the others. The reason for this is that the order of each
degree of freedom in fact depends on applied external forces, which can be arbitrary.
However, the order of each degree of freedom becomes dependent on that of the others
when the external forces are null, for example: thus, this theory is not, and cannot be,
asymptotically correct in full sense of the previous works. It is possible that the eigenfunction
theory cannot be finished without non-trivial short wavelength extrapolation. (See, for
example. analogous work in beam theory of Cesnik et al. (1994).) Investigation of this
approach has not yet been completed.

Were the problem of the interaction terms overcome. the already good accuracy of the
approaches by Atilgan and Hodges (1992) and Hodges et at. (1993) would be enhanced
significantly. The resulting theory would provide a very simple means to accurately analyze
laminated plates-far simpler for given accuracy than any of the higher-order and layerwise
theories. The potential for this methodology to yield an asymptotically correct theory
provides compelling motivation to attempt again to deal with the troublesome interaction
term that was neglected by Atilgan and Hodges (1992).

1.2. Present approach
A method for dealing with these terms has now been developed. This method, the

attendant theory, and observations on asymptotical correctness, are the subjects of the
present paper. We will show that the issue of asymptotical correctness is the most important
one. The closer a theory is to being asymptotically correct, the better it is. On the other
hand, the simplicity and physical appeal of the Reissner-like theory cannot be denied. These
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are the main motivations for attempting to construct an asymptotically correct, Reissner
like theory.

A linear theory for laminated plates, each layer of which is orthotropic, is presented.
However, there appear to be no obstacles to develop a nonlinear theory for plates with
arbitrary physical properties. In this paper, we use some forms of tensor notation that are
not in common use but are suitable for the purpose of the present investigation. The
approach to be presented is actually equivalent to the variational-asymptotical method,
combined with a change of variables implemented in a number of papers Berdichevsky
(1979), Berdichevsky and Starosel'skii (1983) and Le (1986). The essence of this new
approach is that we look directly for the recovering relations that keep the 2-D energy
Reissner-like and still give an asymptotically correct theory.

We begin with the 3-D formulation of the problem. Next, the notion of asymptotical
correctness is defined. Classical theory is then presented. along with asymptotically correct
recovering relations. Reissner theory is then presented, first for homogeneous, isotropic
plates and then in its general form. Finally. we present some numerical results.

2. ORIGINAL 3-D FORMULATION OF THE PROBLEM

In this paper we will consider only linear plate theory. Let a Cartesian system of
coordinates, Xi, be chosen in such a way that xx: {Xl. Xc} denotes lengths along orthogonal
straight lines in the mid-surface of the undeformed plate, and X 3 == h( is the distance in the
normal direction, where -~:( ( :( ~ and h is the thickness of the plate. Throughout the
analysis, Greek indices assume values I or 2; Latin indices assume values I, 2, and 3; and
repeated indices are summed over their ranges. Note that the variable (may not be regarded
as an index.

Asymptotical methods imply the existence of small parameters. In a linear theory one
supposes the strain to be small. In addition to this, we consider the thickness of the plate h
as a small quantity. The deformed state of plate is described by three spatial displacements,
u" as functions of X,. In order to explicitly introduce h into the equations, we replace the
coordinate X 3 by h( and consider the displacement as a function of (, h and the plate
coordinates xx:

u,(X,) = u,(x" (, h).

In this notation. the strain measures are

(I)

(2)

Here and below. x == ., == a./ex, and. == 2./2(.
The strain e~ergy' density of a laminated plate, each lamina of which is made of

orthotropic material, is written as

(3)

where D~, D~j and DX1i;,i are the dimensional material constants for transverse, shear, and
in-plane energies, respectively; eo are the generalized dimensionless 2-D Poisson's ratios.
This way of writing the energy density, taken from Berdichevsky (1979), is unusual, but it
is a natural way to facilitate development of a plate theory. All the material constants may
be functions of the transverse coordinate (.

The total elastic energy functional to be minimized is then
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(4)

where!}J is the potential energy due to applied external forces and <.) denotes the averaged
integral through the thickness. Both, strain and potential, energies are needed to derive an
asymptotically correct theory, and we will work with the total potential energy without
splitting it into the strain and applied-load parts. Thus, the functional to be minimized can
be represented as

(5)

where

Here P ±' F and P, are the applied external forces; S is the area occupied by plate in the
[XI> xc}-plane and as is the boundary of this area. The notations

f
+1 c

<.) == _ I 2 • d( and

are introduced here.
The applied-load term written explicitly in eqn (5) accounts for applied loads on the

edges of the plate. In this paper, we will not consider the edge-zone problem. This is an
important subject in its own right and will be treated in a later paper. Therefore, we will
drop the Its terms everywhere. As a first approximation for the actual plate boundary
conditions the ones developed below can be used.

Also, the present development is not applicable if the displacement is prescribed on
either the upper or lower surface of the plate. One must derive another theory in this case.

3. DEFINITION OF AN ASYMPTOTICALLY CORRECT THEORY

3.1. Small parameters
Asymptotical methods rest on the existence of small parameters. In a linear theory one

supposes the strain to be small. In addition to this, we consider the thickness of the plate h
to be smaller than the wavelength of any deformation of the plate. Denoting this wavelength
by I, this means that .y = (1 jl) 0(.) and that h/I is considered to be small.

3.2. Definitions
To be complete, any plate theory must consist of three major parts that can be defined

as follows:

(i) The main exchange rules: a definition of the 2-D variables in terms of 3-D ones, along
with a set of relations that represent the form of the 3-D variables in terms of 2-D
ones, representing a sort of one-to-one correspondence between 2-D and 3-D variables.
As examples of main exchange rules, see eqns (9)-( II), eqns (38)-(40), or eqns
(59)-(64).

(ii) The 2-D (or plate) energy: the total potential energy as a function only of 2-D plate
variables from which the complete 2-D theory can be derived.

(iii) The recovering relations: approximations of the original 3-D variables (functions to
be found) in terms of the 2-D plate variables.

Recovering relations always enable one to express the 3-D variables as a series with
respect to h/I. However. those series are, in general, not explicit expansions of3-D variables
with respect to 11,/. This is because the 2-D quantities that appear explicitly in the recovering
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relations may also depend on hit, sinee the 2-D plate energy may depend on hit. We will
use term the final expansion to denote the result obtained after first expanding all quantities
pertaining to the 2-D theory and then substituting them into the recovering relations.

The final expansion does not necessarily coincide with the expansion of 3-D variables
obtained from an exact 3-D solution of any problem. This drives us to the definition of an
asymptotically correct theory.

Definition: an asymptotically correct plate theory of a given order is one for which
the asymptotic expansion of the exact solution coincides up to the given order with the
final expansion.

The following remarks must be mentioned here .

.- There is no unique plate theory of a given order.
- The form of the recovering relations and 2-D equations depends on how the 2-D variables

are chosen.
-There is no universal rule on how to extract 2-D variables.

We also use the terminology that two different plate theories are said to be equivalent
if each of them can be transferred to the other by a change of 2-D variables, and two plate
theories are asymptotically equivalent if they have final expansions which are asymptotically
correct up to the same order.

It is clear that the final expansions for equivalent theories are coincident, but two
asymptotically equivalent plate theories may have different final expansions in higher-order
terms that are not asymptotically correct.

We will discuss below how to develop plate theories that are asymptotically equivalent
and correct up to the second order.

4. THE NECESSARY CONDITIO~ FOR ASYMPTOTICAL CORRECT!'JESS

Supposing the recovering relations are known, we can write them symbolically:

u(xX' (, h) = .3!'[v(xX' 11), (, 11] (7)

where v is the set of all plate variables and .11 is a given functional.
In order to derive the 2-D energy, one has to substitute eqn (7) into eqn (6), making

use of eqns (2) and (3), and drop higher-order terms. The resulting 2-D energy density

is = main part ofJ

will be a function of the 2-D strains, which we denote as 8.

To formulate the necessary conditions for a plate theory to be asymptotically correct
let us represent the exact 3-D displacement in the form

(8)

where the warping If is the difference between the recovering relations and exact values of
displacements.

Substituting eqn (8) into eqn (6), one obtains an expression that depends on the 2-D
strains, 8, their derivatives, B,. Thus, the total potential can be split into four parts:

(i) the first part depends on 2-D strains, E:, only. This main part is the 2-D energy:
(ii) the second part consists of the leading interaction terms between 8, B, and 11', w; 11'.>;

(iii) the third part consists of the terms with 8., and the interaction terms between 8 and £.,;
(iv) the fourth part contains only higher-order terms and can be dropped.

The necessary condition for the theory to be asymptotically correct is that the second part
of the total potential energy is equal to zero for any admissible warping and 2-D variables.

All of this is equivalent to the variational-asymptotical method, presented by Berdi
chevsky (1979) and successfully applied in a number of publications (see Berdichevsky and
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Starosel'skii (1983) ; Le (1986)). Although it is not the usual way to present the variational
asymptotical method, we found the present way to be more convenient for the purposes of
present work.

5. CLASSICAL THEORY

The most trivial plate theory of zero order can be constructed with the following choice
of the main exchange rules

u,(Xx ' (, h) = [:i(X x ' h) + w;(xx ' (, h)

<Wi(x,,(,h) = O.

The recovering relations are (see Berdichevsky (1979))

where A and B are 2-D in-plane and bending measure of plate deformation

Tensors D;,j(() and D~<'(:;) are the integrals of the following equations

D;:~ = - C<)<D;.") = 0

D{ = -(C,i<D~<j) = O.

The plate 2-D total energy is

where strain, E", and potential, P", energies are

P" = -f'v,+m'r·l.,

where

E~/!:6 = <D~/ii,j)

E~ti> = <:;D x{!;<»

f' = P'-- +P'_ +h<F')

m' = ~h(r_ -P' )+h2 <:;P).

(9)

(10)

(II)

(12)

(13)

(14)

(15)

(16)

(17)
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The full functional to be minimized is

(18)

where

(19)

In order to verify that the presented theory is asymptotically correct up to the order (h/I)°,
let us write the true 3-D displacements in the formt

U, = 1\ - h(r,.'l + \t'
Ii Ii IU,

+hD,: A +hDh : B+ H')

hi hi h(lr/)I

(20)

where II' is the warping, satisfied by eqn (II), The asymptotical order of each term is written
under it here,

The strains, calculated from eqn (20), are;

1:'/1 = AX/I + (Bx/i + H':'Ji
I I (11 /):'.;

I
21:,) = J- II'" +hD, : A, +hDh : K, + 11'3.,

1 lh I);: (Ii I),: III /)'2/
(11 (ll

I
0;), = h\t'" + D,., : A + Dhc : B

{hili

Note that only the terms of order (hi /)00; are asymptotically correct.
After substituting eqn (20) into the 3-D energy density eqn (3) one gets

U = DX/ii';(A'/i + (Bx/iHA." + (K,,)

+ 1 D [(D::') + C:")A + (Di,j, +ee") B.2 1 {_'> _ ,J h,'o _ _ ,'('i

(21)

(22)

(23)

(24)

The double underlined terms are eq ual to zero due to eqns (15). They are the only
terms that produce part 2 of the energy which needs to be made equal to zero.

The 2-D equilibrium equations are

t The notations or' that denote contracting with respect to two or one indices is introduced here
(D i,: B == D;," H" for example). We also will sometimes drop the indices of a tensor if an expression is clear without
them (for example, D'II;.,. D'ii and D denote the same objects).

t The underlining of indices indicates the operation of symmetrization with respect to underlined indices.
For example. \I',L == ~(lr'll + \I'".,).



where

Asymptotically correct laminated plate theory 3657

(25)

(26)

The choice of variables, eqn (9), with the main exchange rule, eqn (10), is not unique.
Plate displacement might be the displacement of the middle plane, for example, or it can
be the displacement of either the upper or lower surface.

With any choice of 2-D variables, any theory that keeps the asymptotically leading
terms asymptotically correct will always be asymptotically equivalent to the theory
described above.

6. ORDER OF QUANTITIES

Since the problem under consideration is linear. the orders of all quantities can be
synchronously increased or decreased, and we have to make some agreement of how to
assign the orders. We will assume the order of plate deformations A and B to be 8 and
order of any quantity can be expressed as (h;/)"8. We have already used this notation in
eqns (20-23).

Material coefficients are treated as independent ofh quantities. We denote their charac
teristic value by J.1 to facilitate understanding of some expressions, but no expansion with
respect to J.1 is considered.

From the classical equations it can be also derived that

and

,(h)2 (h) (h).r - J.1 1 I; r ~ J.1 7 8 m
X

- Ith ,I I: (27)

(28)

We will construct a Reissner-like theory to produce quantities of order (hilfl'. that are
asymptotically correct.

7. REISSNER EQUAnONS

Reissner theory (see Reissner (1944, 1945)) is based on five 2-D variables to be found:
three displacements, Vi, and two rotations. 0,. The plate energy depends on three kinds of
strain:

AXil = l'~-in-plane deformation

K'ii = hfJ"eJi --bending deformation

Yx = 0, + 1') x-transverse shear deformation.

The 2-D equilibrium equations are

(29)

(30)

(31 )

(32)

(33)
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(34)

and where

atE
Q" =-~

C"n
(35)

with the strain energy density being

E - ~hEa~;'iJA A· ~hE2JI;,jK K· I Ex/I;"'A K· ~hGxJ!""
R - 2 e xli:o + 2 hxli 'c/J + 11 eh ,11 :,,) + 2 h I ~

and the potential energy density of the applied loads being

(36)

(37)

Heret E1":hl,f and rn' are given by eqn (17), and G is the tensor of transverse shear stiffnesses.
The Reissner equations are very attractive, since each term has a clear physical mean

ing, and it is convenient to base finite element methods on them. Unfortunately, Reissner's
original recovering relations are written in terms of stresses only, Thus, it is difficult to
judge their asymptotical correctness, To do so in this present framework requires that
the Reissner equations be complemented with appropriate recovering relations, The first
successful attempt for homogeneous plates was made by Berdichevsky (1979), He started
from the following main exchange rules

1'/ = (u,). (38)

and proved that the 2-D total energy

(39)

(40)

where

Ph = ~h(P: +P;)C

with the recovering relations

t Notation £'';'1 is read as either E,. or Eh , or E""

(42)

(43)

(44)

(45)
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gives a theory which is asymptotically correct up to the second order. Here Pe : A + Ph: K is
the contribution to the energy from external forces.t

The above theory was derived under the assumption of upper and lower surface in
plane tractions and body forces set equal to zero. This result can be extended to a special
case of inhomogeneity, namely, if all the material coefficients are proportional to the same
function of through-the-thickness coordinate, (. Although the latter case is impractical, it
can be used as a test problem for debugging purposes. Another special case is pointed by
Atilgan and Hodges (1992). No other asymptotically correct theories for laminated plates
are known to the authors.

Taking into account the beauty of the Reissner equations, we will try to find the
recovering relations for them in the generic case that are as close to asymptotical correctness
as possible. For the purpose of our discussion, let us call any 2-D plate theory containing
eqns (29)-(35) and (41) a Reissner-like theory.

8. REISSNER LIKE THEORY FOR INHOMOGENEOUS PLATES WITH ORTHOTROPIC
LAMINAE

In this section we present a Reissner-like theory for laminated plates, each lamina of
which is made of an orthotropic material. All the expressions given here will be derived in
the next section.

The strain and potential energies are represented by eqns (36) and (37) with Elch),.r

and m given by eqn (17). Quantities Plc:h ) are;

with recovering relations being

where

(48)

and where D/ch)((), fl;e:hi,(O, J/ch)(O, R,(O and R,(O are the solutions of the equations

(49)

(50)

[D~(1;::hi;+C"H;eh),)L+D?[;"h)' = (D'j'[;eh),), (J;::h» = 0

[Dl(1::::hl.:+CI'H:Chl,)]I:~±1 c = 0 (51)

(52)

t Actually some parts of this contribution come from the 3-D strain energy and some from the 3-D potential
energy. That is why we work with the total potential energy without splitting it into the strain and applied-load
parts.

t Notation P ~ (e) = means P. (e) + + P _(e)-
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(53)

and finally where L;,-hb are the solution of

(Di'L~;:,j).:+ (D x/I;,) = «D"/16),

( D~IIL/i.;·,j)l. = 0
. L I'jI

::= ± 1 ~

(DiIL~;,6) = 01 = o.
~ = --[ 1 2

(54)

(55)

Equations (49)-(55) make part 2 of the energy equal to zero and provide asymptotical
correctness. The following expression, part 3 of the energy, must be zero in order for the
theory to be Reissner-like :

E, = ~G :rl l(£~~: A, + £~': K,.)('Y. -+ fJ)

+~<D1!«()[L:x«(): A,. + Li,x<O: K,.]['Y. -+ fJ])

- <D x/!«() :(A11 + (K/;) [B;,ce) :A, + Bi,x(O: K,

(56)

This is a 12 x 12 quadratic form with respect to A,. and K, depending on 33 variables,
D;;,;hl' H:;';hl and G, if all the above equations are solved. This form contains 78 coefficients,
and in the general case it is not possible to make E, zero. However, real plates frequently
have some symmetry that can help to drive £, to zero. At least one can numerically
minimize the sum of the squares of the 78 coefficients by choosing 33 variables. We will
discuss later some of the test calculations we have done so far.

8.1. Computational notes
In order to solve the system of eqns (49)-(55) one should basically have two solvers.

One of them has to solve the equation forf(e)

with arbitrary gee), and another has to give the solution of the equation forf(O

f(e).: = g«) <fee)~ = o.

(57)

(58)

Using solver eqn (57), one can start with eqns (54), and (55), then solve eqns (49) and
(50) via eqn (58). Then the quadratic form eqn (56) must be minimized to get values of
D~"hl' Hi;hj and G. After that one is ready to solve eqn (51) using the combination of the
solvers in eqns (57) and (58). Equation (52)-(53) can also be solved by the combination of
solvers in eqns (57) and (58), but they depend on external forces and are, therefore, part of
the 2-D problem.

This procedure is not computationally expensive.

9. DERIVATION

In order to keep the composition of eqns (29-35), the main exchange rules should be
of the form



Asymptotically correct laminated plate theory 3661

(59)

where lj;«() and ¢(() can be arbitrary within the restrictions

<lj;~) = 0 <¢~) = 0

(60)

(61 )

(62)

(63)

(64)

The specific form of eqns (63) and (64) is not necessary, but this is a convenient way
to normalize e, and separate them from 1',.,. Any other relation would lead to an equivalent
theory.

In order to simplify all the expressions, let us introduce the object A" as the pair of A
and K. The quasi index a can be either e or b. If quasi index a equals e then

A' == A

and if quasi index a equals b then

We will use the summation rule with respect to this quasi index. For example,

Ja : A" == J,: A +Jh : K.

Also eqn (36) can be written in this notation as

h h
E = -·A"·E . 4'+ '-"'G'''+P 'A"R 2 . (J(" 2 r I (/' •

We assumed here that E"" == E" and Ehh == Eh .

We will also need the special notation .f, defined as

Let the recovering relation be of the following general form

U,= 1', ~h~[·,,+h¢,·,'+hR,+h2fl:,:A:+ }l',
hIll /) II h{hl)--ll hIll III lI(1d)1 11(111);; hlh /)'/

U, = 1', +hD,:A'+ hR3 +h2f'x/iY,./i+h'J;":A:!".+ W3
11th /)- :':/ /11 h(h/)~i 11(11 !)~i 11(11/)2/ 11(111)4 1

(65)

(66)

where RJxx. 0 are terms coming from external forces, Dem. fle(O. f'(~) and J,«() are
functions of ~ to be determined. Here, we put all the possible terms that are needed to get
order (h/{)2[;2 in the energy. The orthotropic symmetry of the laminae is taken into account
here. It explains the absence of terms with ,'" A" and A:;" in eqn (65), and the absence of
terms with A:;, and,' in eqn (66).

Strains are defined according to relations (65, 66)
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8'1' = A'II + (K'ii - h(i'"ji+ h1>2 . Y.jJ+ hR:;ji + h2 fl;, : A~v[i + w:;ji (67)
f th,'/)2 1 (II /}2f. (h,/)2 1 (h,/I)2 i (hiI)4,:

I - - . - ,- 1-
23" = -h Ii',. + 1>,.:' f + R,; + hL;, : A\ +hR" +h~ p'Yfl.,.,+h J;" : A~~n + It',., (68)

(hi), (hI), (h I), (h;I)), (h I).i, (hl)'''' (h I)',
(II/)\

where notation

(70)

is introduced. The asymptotical order of each term is written under it here. Relation
-hl',.,fi == K'/I-h'f",jl has also been used in eqn (67). Only terms up to the order (hjl)23 are
expected to be asymptotically correct.

Now, one can substitute eqns (66)-(69) into the 3-D total energy density, eqns (6),
and get

J = E"I+PR +m'y, +h<~D_[(D,.:+.f,C): A'f +D1 [(Dc; +f,C): A']

x WJ;"; : A ~Il' + R,. + hf'h,.f' + Cl1lv>J!

+ C'II(J1A. .', -h r " +hR- +h 2 H-'" A' )] +~D'II(A. . .,)(A. • ,,)'PII 1·2 "I:;ji '0i ex' "'/1 2 L 'P,.; r 'PfJ., 1

+ D11
(1),:' i')(hL;II: A\. + RIIJ +~D1i(hL;,:A\ + Rd(~ -+ fJ)

1 _ _ _ _
+ D1ihH'/I:(1),: . t' + R" + hL:, : A',) + D1ill '/I(1),.: . i' + R,.: +hL:, : A\.)

- P,,± (h1>, . i' + h2 fl;" :A:, + IV,) ± - <hP(h1>, . I' + h2 fl;, :A\ + wx »

- Pi (hD,: A' + It',)± - (hF'(hD,: A'+ It',)). (71)

Notation P:": (.):": means P + (.) + + P _(.) - here. All the higher-order terms from part 3 and
4 of energy are dropped here.

Let us start the investigation with the interaction term between w, and A':

(72)

This must be zero for any admissible function H',(() satisfied by eqn (61). One can derive
that

(73)

(74)

where;, is Lagrange multiplier that enforces the constraint <w3 ) = 0, eqn (61). In order to
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calculate Aone can integrate eqn (73) through the range of' and take into account eqn
(74). It makes I. equal to zero. This procedure is simple, and we will skip it in the all similar
derivations below. It means that the calculated value of Lagrange multipliers that enforce
the constraints <w;) = 0, will always be substituted in the expressions below.

Since A' is arbitrary,

(75)

The solution of these equations can be written as

(76)

where 15,. are the same as in classical theory (see eqn 14) and D? are arbitrary constants
that are to be determined later.

The analogous derivation shows that the following equations will cause other terms of
energy containing W 3 to vanish

(77)

[D~(fl';'+cl'cP~-,e')11;~±12= 0

- ,~ - ,~ - 3 3 ,~ -
[D~(R3.;+C R,.~)l.;+DLR,.~+hF =f +<DLR,.~)

- ~ - 3[D_(R 3.;+C R,.~)11>±12 = ±P±.

Let us collect the terms containing w, in eqn (71)

(79)

(80)

The integration by parts takes place in the last term here.
From the fact that w,(O, y, A and K are arbitrary and taking into account the

constraints in eqn (62) one can derive

(D'I'd.!i ·)1 = 0L 'Yp.,s
(= ± 12

(81 )

- (Dj' L~;/t- (Df!I:J - <Df~;'J») = lj;~/,~/j;-J, (Dj' L~nl.. " = 0 (82)
,,= ± 1,-.

where G and I.,. are Lagrange multipliers that enforce the constraint <lj;~w~) = 0, eqn (62).
Equation (81) together with eqns (63) and (64) can be considered as equations for cP(O
and G.

As soon as cPm is known, the solution of eqn (82) can be written as

(83)

where L,. are the solutions of eqn (82) with zero I.,. that is the same as eqns (54) and (55).
To complete the analysis of these equations, let us notice that if L,. are known, fi,. from

eqn (70) are given by
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(84)

where fi, is the solution of

fi,.: = C -115, <H) = ° (85)

that is the same as eqn (50). Here, Dc and D~ come from eqn (76) and H;I is arbitrary
constant to be determined later.

Equations for R,(O can also be obtained from eqn (80)

(86)

where A/are the Lagrange multipliers that enforce the constraints <t/J~wfi) = 0, eqn (62).
The solution of eqn (86) is

<Rx) = 0 (87)

where Rx is the solution of eqn (86) with I-{ = 0, which is the same as eqn (52) and
R~ == <Rx(O) is arbitrary constant, to be determined later.

By premultiplying the eqn (86) with cP and integration through the thickness one can
derive that

(88)

In the above equations all the quantities with bars do not depend on choice of t/J(O, and
expressions for DC' ( and l{ contain 54 arbitrary constants:

- 6 = 2 x 3 of D~ (each D? is a 2 x 2 symmetric matrix)
-24 = 2 x 12 of H~ (each H~t)·" is symmetrical with respect to y and b)
-24 = 2 x 12 of Ac (each A;/i;" is symmetrical with respect to i' and b).

[feqns (75), (77)~(79), (81), (82), and (86) are satisfied, the energy eqn (71) reduces
to

J = Eel + PR - mX,'x - P~ (hcP, "y + h2 B;x : A',) ± - <hP(hcP, 'I' + h2 B:x : A\.)

- P~ (hD, : AC)± - <hpJ (hDc : AC) + h<~D"!(cP~.('i;)(cP/i.: ',')

+ D1'(cP;.:y;.)(h[:fi: A',. + Rp.J +~D1\h[;>: A:, + Rx,J(rx ---> fJ)

- hD >/!;" (A;."./i + (K)'~/i) x (cPx' " - (,'x + Rx+hB;x : A',.». (89)

The term with D, is obtained through the integration by parts with respect to x" here.
One can obtain that

(90)

and it becomes clear that G is the transverse shear stiffness matrix.
Let us collect terms in eqn (89) that represent the interaction between y and A". K.v

and external forces

- P,± (h¢,' y):t - <hP(hcP,' i) +mXy>h<D7'(cP~.:i',)(h[~~~A;·6./i + Rid

- hDjfJ"'(A;6./i + (K;'6.li)(cP,' i - (/'x» (91)
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After integration by parts in the second line, and taking into account eqns (82), (86),
and (91), can be transformed to

h\/.h(.I" ;.1'/1+ (,fD'II\) : A' A, • 'j' +h(D'11 :(A + (K )') +". rI. (,I,' )/' -I"~)+ ~ m", ).'1'1' , ,/ ,11't'> . I ,jl.,~ ., I 't'o '1'1' /' h 10

(92)

Taking into account eqns (64), one can see that choosing

(93)

and

(94)

make eqn (92) equal to zero. It is important to note that ;., and ;'1' given by eqns (93) and
(94), respectively, do not depend on one's choice of t/JCO,

Therefore, we get a further reduction of eqn (89) given by

J = E,I+hGoli.;,}'11 + PR - P~ W 8:,: A\) ± - (hP(h 1 8;.,: A\.)

- P~ (hD, : A') ± - (hF' (hD, : A'» + h(~D11(hL;, : A:,. + R,J(~ ---> f3)

-hD~~;6(A'6,ji+(K6.ji)(R,+hfl;,: A\», (95)

Let us collect terms that contain external forces

h1 (D11(L;,: A,,)(RIIJ - D~II;"(k'\,li + (K;,j,li)(RJ) - P~ W 8;,: A:J± - (hP(h 1 8;.,: A:J)

- P~ (hD, : A') ± - (hF3 (hD, : AC). (96)

Here, we dropped the quadratic term, R' D L • R, which depends on forces only and cannot
be varied,

Integrating by parts with respect to ( in the first line and using eqn (82), one can reduce
this expression to

h1 [(R,t/J~)(I.::li: Ali + 1.;~li : K 1i ) + (R,)( (D~li) :A~ + «(D~II) : K~)]

- P~ (h 1 8:, :A,,) ± - (h 3P 8;, : A".) - P~ (hDcA') ± - (hF 3 (hD,AC», (97)

Let us substitute here eqns (84), (87) and (88) yielding

h1 G;1 (I.;' +¢,±,,?,± + (¢;:hP) )().~Ii : A:~) +h1 (R,)( <D~li) : A,II + «D~13) : K,p)

_h 1
P~ (H;:,: A, +H/,x: K,)± -h1 p~¢~ry(OG~.1 (),~': A." + A;;' :K v)

_h 1 p~ (H2£i -(i5~D2): A, _h1p~ (H~~ - (i5~D~): K v-hl(hP(H~,: A., + H'b,: K.,)

-hl(hP¢~"COG,;,l ) ().::Ii : A I3 +;.;;li: Kif) - (hP(H2; -(i5~D;;):A,.)

(98)

One can see that terms with ¢ are cancelled out. After integrating by parts with respect
to Xx and collecting all the terms depending on external forces, we obtain
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which is the same as eqn (46) after setting the constant RO equal to zero.
We are left with the part 3 of the 2-D energy, which needs to be made zero, given as

(100)

This is a quadratic form of 12 variables, A" and K,. It contains 78 coefficients which are
functionals of 1jJ(O and 30 == 54 - 24 constants so far. Those 78 coefficients need to be made
zero.

One can substitute eqn (83) and (84) into eqn (lOa)

£ - <~D'fi[L-' 'A +L-"K A,/' G 1('!"'A 'w'K )][ ->[3]J - 2 L l''1.' .vhx· ,\' + IfIx'; ~/! 1_/,. .\' + I~h' .t' a

Collecting terms that contain r/J one gets

Again, integrating by parts with respect to ( and taking into account eqn (82) for En
one can see that this is equal to zero, and we are left with

This can be rewritten in the form

£ - I A . £1" . A + I K . £1" . K + A . £1" . K
J -"2 .Jl· Je' .j' 2" .Il· Jh·.r .tJ-' 3eh·· ,r

with

(103)

(104)

One can see that £] depends on the choice of l/J only via G I. Thus, the 78 coefficients of
£] depend on 33 variables, and it becomes clear that the system is overdetermined in the
general case.

Recovering relations for u, can now be written as

u, = V, -h(v],+h28;:,: A,. +h28 h,: K,+hR,+hr/J~[}'~+G~,I (h),;.": A, +h)·X': K,. +),1)]

+h2H~;: A,. +h2H~;: K,. ~h2(D:~: A., -h2(D~:K, + W,. (105)

Using eqns (33), (35), (36), (93), and (94), the coefficient of 4> can be transformed as follows



Asymptotically correct laminated plate theory 3667

This means that the term with ¢ is a higher-order term and can be neglected. The
analogous statement is true for the u, final expansion, and the recovering relations take
their final form of eqn (47).

Note, that explicit definition of 2-D variables now is

(106)

It is different from what is suggested by the main exchange rules, eqn (59-64), by high
order terms. Application ofeqn (106) never occurs in practice, and it is not important.

This completes the derivation.

10. NUMERICAL RESLLTS

In this section we give a few sample results to illustrate the power of the theory. For
our numerical results, we choose a fiber-reinforced composite material which has the
following material properties

E1 = 25 X 106 psi E T = 106 psi

GLT = 0.5 X 106 psi G TT = 0.2 X 106 psi

VLT = \'7T = 0.25

where L signifies the direction parallel to the fibers and T the transverse direction. These
properties, along with a ply angle, allow the calculation of the material matrix. We consider
[15') as an example I-layer plate and [15, -15) as an example 2-layer layup. The test
problem is the bending of a simply-supported infinite plate under a sinusoidal load equally
distributed on the upper and lower surfaces. This problem has a known exact solution by
Pagano (1969, 1970) which can be compared with results from the present theory as well
as from NCPT.

To validate our approach we have expanded the exact solution in powers of the small
parameter hiI, where h is the thickness of the plate and I is the characteristic wavelength of
the deformation. The expansion is compared with analogous solutions from CPT, NCPT
and the present theory. For the I-layer case, the expansions of NCPT and the present
theory are quite close to each other and to that of the exact solution. In this case the present
theory agrees with the result from Atilgan and Hodges (1992), which is claimed to be
asymptotically correct for homogeneous plates. However, NCPT is not asymptotically
correct.

The results of the expansion for the displacement fields of the 2-layer case are rep
resented in Table I. The classical theory, by which we mean the above described theory, is
supposed to provide the correct result for the leading term, and it indeed does. It can be
seen, however, that each coefficient of the new theory is closer to the corresponding one
from the exact expansion than the corresponding coefficient of NCPT. Figures 1-3 compare
the results graphically. Figure I shows the distributions of the displacement through the
thickness for the 2-layer plate. Figure 2a and b give the comparison of the relative error for
the average displacement and the 3-D displacement with the average subtracted out,
respectively. These results show clearly the power of the present approach. Not only is the
average displacement much more accurate than that of CPT and NCPT, but the improve
ment in accuracy of the 3-D displacement field relative to the other approaches is even
greater.

Figure 3 shows transverse strain calculated directly from the recovering relations
and transverse stress from the strains and the 3-D constitutive equations. Such excellent
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Table I. Asymptotical expansion of the normalized displacement for an infinite
two-layer plate with layup [15 . - 15] where:; E [-i.~] is through-the-thick
ness coordinate and hi! is the thickness parameter-the quotient of thickness
by the characteristic wavelength of the load. The upper/lower sign corresponds
to the first/second layer. The function is normalized to have the first term

independent of hi'

Lateral displacement
--------_.~._--

Classical

NCPT

Present

Exact

Classical

NCPT

Present

Exact

Classical

NCPT

Present

Exact

~ 117:;

-]17:; + (~68.7:; -440(3)(~)' +0(~)3

(h)' (h)'-117:;+(34.3:;±444:;'~858(3) I +0 I

(h)2 (h)'~117:;+(30.5:;±444:;2~858(') I +0 I

Longitudinal displacement

-82.6

_(h)' (h)'-82.6+(-217+ 112(±150(') I +0 I

_(h)' (h)3-826+(~344=+=69.5(~21ge=+= 199(') I +0 I

(h)' (h' 3-82.6+(1.56 =+= 69.5:;-219('+ 199n I +0;)

Transverse displacement

117+(12 =+= 12.4(~ 181 :;2)(~)' +o(~)'

Il7+(263 =+= 12.4(-181:;')(~)' +o(~)'

117+(238 + 12.4(~ 18] :;2)G), +o(n'

(h)' (h)'117+(234+ 12.4:;-181:;') I +0 I

agreement with the exact solution has not been obtained with any first-order shear defor
mation theory within the authors' knowledge. Indeed, it is even better than that of many
higher-order and layerwise theories. This is especially remarkable considering that through
the-thickness integration of the 3-D equilibrium equations was not required to get this
agreement!

11. COl\iCLUDING REMARKS

The variational-asymptotical method is applied to the development of anisotropic
plate theory from 3-D elasticity. A complete Reissner-like 2-D plate theory is developed
for orthotropic plates which is as close to asymptotical correctness as can be obtained. In
the course of developing this theory, several new observations were made:

-the conditions for any plate or shell theory to be asymptotically correct are obtained.
These conditions require that certain coefficients in the full 3-D energy. as expressed in
terms the 2-D variables, vanish;

-an asymptotically correct form of the theory for homogeneous plates is presented;
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Transverse Displacement
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1.5

1--------- r-.--------
1 '-----:0-::-.--;4----;;0~.::-2----:':---""":0-.:o"2--::-O~.4;---'

Lateral Displacement Longitudinal Displacement

-0.02

-0.024

-0.026

-0.028
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... ...
...
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I

"I
I

I
I

I

- 0 . 032 '--..."..---:-----::-::----:----::-:::------;;-'-;--'
-0.4 -0.2 0 0.2 0.4 -0.4 -0.2 0 0.2 0.4

Fig. I. Distribution of the displacement components vs the through-the-thickness coordinate from
the kinematic recovery relations for an infinite two-layer plate with layup [15 . - 15]. The quotient

of the thickness of the plate by its width is equal to 0.25.

--for the most general inhomogeneity of plates. an asymptotically correct Reissner-like
theory may not exist. However, it is shown that a minimization procedure can always be
applied to bring such a theory as close as possible to asymptotical correctness. That
minimization has been carried out in a subspace of the full space of admissible values of
quantities to be found and is implemented in Mathematica (Wolfram (1991» code;

--numerical results obtained from the present theory, including both 2-D and 3-D quan
tities for a variety of particular cases of laminated plates, are presented. The accuracy of
these results is indeed superior to that of any extant first-order shear deformation theory
known to authors. Indeed, the theory gives accurate transverse stresses and strains
without employing integration of 3-D equilibrium equations. It should be noted that
results for several different laminates (both symmetric and cross-ply) were examined in
the course of the work, and the results obtained for all exhibited accuracy comparable
to those presented.
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Fig. 2. Relative displacement errors vs the thickness parameter the quotient of the width of the
plate by its thickness. The horizontal axis is logarithmic. u is the 3-D exact vector displacement. UR

is the 3-D vector displacement obtained by the recovery relations of a plate theory. <- >is a through-
the-thickness average.
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Lateral Transverse Shear Stress Lateral Transverse Shear Strain
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-0.4 -0.2 0.2 0.4 -0.4 -0.2 0.2 0.4
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Fig. 3. Distribution of transverse stresses and strains versus the through-the-thickness coordinate
for an infinite two-layer plate with layup [15 . - 15]. The strains were obtained using the kinematic
recovery relations. and stresses are obtained from the 3-D constitutive equations. The quotient of
the thickness of the plate by its width is equal to 0.25. The legend is the same as on the previous

figures.

Future work to be done includes development of a nonlinear theory, extension to
shells, and application of this methodology to creation of a new generation of simple
and accurate finite elements. Although the development herein may appear complex, the
implementation of the theory is really quite straightforward in the context of symbolic
manipulation software. The development of the nonlinear theory is expected to be of
comparable difficulty.
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